In this paper, we discuss the invariant properties of curvatures effected by the Matsumoto's C or L-process. We find equivalent conditions on curvatures by comparing the difference between the corresponding curvatures of closely related connections. As an application, Matsumoto's L-process on Randers manifold is studied. Shen connection can not be obtained by using Matsumoto's processes from other well-known connections. This leads us to two new processes which we call Shen's C and L-processes. We study the invariant properties of curvatures under the Shen's processes. 
Introduction
After Einstein's formulation of general relativity, Riemannian geometry became fashionable and one of the connections, namely Levi-Civita connection, came to forefront. This connection is both torsion-free and metric-compatible. On the other hand, Finsler geometry is a natural extension of Riemannian geometry. Likewise, connections in Finsler geometry can be prescribed on the pulled-back bundle π * T M . Examples of such were proposed by Synge, Taylor, Berwald, Cartan and Chern [1] [2] [3] [4] [5] , [7] [15] . However, there are four well-known connections in Finsler geometry which may be considered "natural" in some sense: Berwald, Cartan, Hashiguchi and Chern connections. Incidentally in the generic Finslerian setting, it is impossible to have a connection on π * T M which is both torsion-free and compatible with the Riemannian metric induced by Finsler metric.
In [9] , Matsumoto introduced a satisfactory and truly aesthetical axiomatic description of Cartan's connection in the sixties. After the Cartan connection has been constructed, easy processes, baptized by Matsumoto "L-process" and "C-process" yield the Chern, the Hashiguchi and the Berwald connections.
In this paper, we show that the vv-curvature of connections is invariant under the Matsumoto's L-process. Comparing the corresponding curvatures of related connections obtained by this transformation, we get equivalent conditions on curvatures. It is well known that vanishing hv-curvatures of Cartan and Berwald connections characterize Landsberg metrics and Berwald metrics, respectively. Shen introduces a new connection in Finsler geometry, which vanishing hv-curvature of this connection characterizes Riemannian metrics [13] . On the other hand, the Chern, Berwald, and Hashiguchi connections are obtained from Cartan connection by Matsumoto's processes, as depicted in following Cartan connection
However, Shen connection can not be constructed by Matsumoto's processes from these well-known connections. Therefore, it is natural to find some kinds of processes on one of these connections, say Chern connection, which yield the Shen connection. Here, we introduce two new processes on connections called Shen's C and L-processes. We show that Shen connection is obtained from Chern connection by Shen's C-process. Studying curvature tensors of two connections related by this process leads us to the following theorem. Throughout this paper, we set the Cartan connection on Finsler manifolds. The h-and v-covariant derivatives are denoted by " ; " and ", " respectively. Further, we suppose that the horizontal distribution of connections are the same as Cartan connection's horizontal distribution.
Preliminaries
Let M be an n-dimensional C ∞ manifold. Denote by T x M the tangent space at x ∈ M , and by T M = ∪ x∈M T x M the tangent bundle of M .
A Finsler metric on M is a function F : T M → [0, ∞) which has the following properties: (i) F is C ∞ on T M 0 := T M \{0}; (ii) F is positively 1-homogeneous on the fibers of tangent bundle T M , and (iii) for each y ∈ T x M , the following quadratic form g y on T x M is positive definite,
Let x ∈ M and F x := F | TxM . To measure the non-Euclidean feature of F x , define C y :
The family C := {C y } y∈TM0 is called the Cartan torsion. It is well known that C=0 if and only if F is Riemannian. For y ∈ T x M 0 , define mean Cartan torsion I y by I y (u) := I i (y)u i , where
By Diecke's Theorem, F is Riemannian if and only if I y = 0 [6] .
For
and
A Finsler metric F is said to be Creducible if M y = 0. This quantity is introduced by Matsumoto [8] . Matsumoto proves that every Randers metric satisfies that M y = 0. Later on, MatsumotoHōjō prove that the converse is true too. The horizontal covariant derivatives of C and I along geodesics give rise to the Landsberg curvature L y :
where The rate of change of L along geodesics is measured by the generalized Landsberg curvatureL y :
The geodesics of Finsler metric F are characterized by the following system of second order ordinary differential equations in local coordinatesc i + 2G i (ċ) = 0, where
x l }. These local functions G i define a global vector field on T M 0 as follows
where [14] . It is well known that every Berwald metric is a Landsberg metric.
The notion of Riemann curvature is extended to Finsler metrics. For y ∈ T x M 0 , the Riemann curvature R y :
Take an arbitrary plane P ⊂ T x M (flag) and a non-zero vector y ∈ P (flag pole), the flag curvature K(P, y) is defined by
.
We say that a Finsler metric F is of scalar flag curvature if for any y ∈ T x M , the flag curvature K = K(x, y) is a scalar function on T M 0 . If K is constant, then F is said to be of constant flag curvature.
Let us consider the pull-back tangent bundle π
be the set of vertical vectors at z, that is, the set of vectors tangent to the fiber through z, or equivalently V z T M = kerρ, called the vertical space.
Let ∇ be a linear connection on π * T M . Consider the linear mapping
, where H z T M = ker µ z is called the horizontal space defined by ∇. Indeed, any tangent vectorX ∈ T z T M 0 in z decomposes toX = HX + VX where HX ∈ H z T M and VX ∈ V z T M .
The structural equations of the Finsler connection ∇ are
where X = ρ(X), Y = ρ(Ŷ ) and Z = ρ(Ẑ). The tensors T and Ω are called respectively the Torsion and Curvature tensors of ∇. Three curvature tensors are defined by R(X, Y ) := Ω(HX, HŶ ), P (X,Ẏ ) := Ω(HX, VŶ ) and
be a local orthonormal (with respect to g) frame field for the pulled-back bundle π
be its dual co-frame field. One readily finds that ω n := 
is a local basis for T * (T M 0 ). In a natural coordinate, we can expand connection forms ω j i as follows ω
In the rest of paper, we suppose that all connections satisfy (1) and (2) are equivalent to
where
Since the Ω i j are 2-forms on T M 0 , they can be expanded as
The objects R, P and Q are called, respectively, the hh-, hv-and vv-curvature tensors of ∇ with the components R(ē k ,ē l )e i = R j i kl e j , P (ē k ,ė l )e i = P 
Matsumoto's C and L-processes
Matsumoto introduces two processes in connection theory that by them, one can construct the Berwald, Hashiguchi and Chern connections from Cartan connection [9] . The space of all connections makes an affine space modeled on the space of (1, 2)-tensors over pulled-back bundle π * T M . It means that adding a (1,
Thenω i j are connection forms of a connection ∇, that is called the connection obtained from ∇ by Matsumoto's C-process. Similarly, we definẽ 
Proof of Theorem 1.1
First, we recall the following well-known result from [8] .
Lemma 3.1. Let (M, F ) be a Finsler manifold and the Cartan tensor satisfies
To prove the Theorem 1.1, we need the following.
where U (t), V (t) and W (t) are the parallel vector fields along c . Then following equation holds.
Proof. Let p be an arbitrary point of M , y, u, v, w ∈ T p M and c : (−∞, ∞) → M is the unit speed geodesic passing from p and dc dt (0) = y. If U (t), V (t) and W (t) are the parallel vector fields along c with U (0) = u, V (0) = v and W (0) = w, we put L(t) = Lċ(U (t), V (t), W (t)).
By definition of Landsberg curvature, we have
LetL (t) =Lċ(U (t), V (t), W (t)).
From the definition ofL y , we havē
Since F is generalized Landsberg metric, then we have
which implies that L(t) = L(0). By (9), we get the proof.
Proof of Theorem 1.1: Let ∇ be obtained from ∇ by Matsumoto's L-process
Taking an exterior differential of the above relation, yields
On the other hand, we know that
where "|" and "." denote the horizontal and vertical derivative with respect to ∇. Using (3), (4), (13) and (14), we have
Replacing (5) in (15) yields
Immediately, we have the proof of part 1. It results that if ∇ is obtained from ∇ by Matsumoto's L-process, then ∇ is torsion-free if and only if ∇ is torsion-free.
Proof of part 2. Let R = R. By (16) we have
Regularity of ∇ results that y l |k = 0. Therefore, by contracting with y l , we get L i jk|l y l = 0. By our assumption on connections in this paper, we see that
Hence F is a generalized Landsberg metric. Now, suppose that M is a compact manifold. By Proposition 3.2, we have the following C(t) = L(0)t + C(0). Since M is compact then the Cartan tensor is bounded. Using ||C|| < ∞, and letting t → +∞ or t → −∞, we get L(0) = L(u, v, w) = 0. It means that F is a Landsberg metric.
Proof of part 3. From [14] , for Finsler manifolds of scalar flag curvature we have
By part 2, F is a generalized Landsberg metric. Then we get
By Lemma 3.1, it results that F is a C-reducible metric, and by Proposition 2.1, F is a Randers metric.
Proof of part 4. Suppose that P = P . By (17) we have L 
Matsumoto's L-process on Randers Manifolds
An (α, β)-metric is a scalar function on T M defined by
where φ = φ(s) is a C ∞ on (−b 0 , b 0 ) with certain regularity, α = a ij (x)y i y j is a Riemannian metric and β = b i (x)y i is a 1-form on a manifold M . Randers metrics are special (α, β)-metrics which are closely related to Riemannian metrics defined by φ = 1 + s, i.e., F = α + β and have important applications both in mathematics and physics [12] .
In this section, we study the Matsumoto's L-process on Randers manifolds equipped with connections whose hh-torsion vanish. We show that the Riemannian curvature of these connections is invariant under Matsumoto's L-process on a Randers manifold (M, F ), if and only if F is a Berwald metric. To prove this result, we need the following. 
Proof. Fix k and l and put
One can write
It is easy to see that Q ij = 0 if and only if Q s ij = 0 and Q a ij = 0. On the other hand, we have
jk . This proves the Lemma. Now we are ready to prove the mentioned fact. 
Using the assumption g ij|k = 0, and lowering indices by g ij imply that (25) is equivalent to the following
By Lemma 3.6, we have
A direct computation yields
Since F is a Randers metric, then it is C-reducible, i.e.,
Taking a horizontal covariant derivative from above relation, we get
Substituting (33) into (27), one can obtain
Contracting (34) with g il g jk and using the relations (29), (30) and (31), we conclude that
Since F is positive definite and n > 2, then we have
By (33) and (36) we conclude that F is a Landsberg metric. It is proved that F = α + β is a Landsberg metric if and only if F is a Berwald metric [8] . This completes the proof.
Shen's C and L-processes
Recently, Shen introduced a new torsion-free and almost metric-compatible connection and proved that hv-curvature of his connection vanishes if and only if the Finsler structure is Riemannian [13] . However, the hv-curvature tensor of the Berwald, Cartan, Hashiguchi or the Chern connections does not characterize Riemannian structures. Shen connection can not be constructed by Matsumoto's processes from Cartan or Chern connection. Therefore it is natural to find a kind of process on Chern connection which yields the Shen connection. This problem leads us to find two new processes which we call them the Shen's C and L-processes.
Let (M, F ) be a Finsler manifold. Suppose that ∇ is a connection with connection forms ω i j . We definẽ
Thenω i j are connection forms of a connection ∇, that is called the connection obtained from ∇ by Shen's C-process. Similarly, we can definẽ 
Proof of Theorem 1.2
Let ∇ be obtained from ∇ by Shen's C-process. Taking exterior differential from (37) yields
On the other hand we have
where "|" and "." denote the horizontal and vertical derivative with respect to ∇. Substituting (40) into (39), and using (3) and (4) we get
Now by decomposing Ω i j and Ω i j as in (5), one can obtain
Proof of part 1. Suppose R = R. Then from (42) we have
Contracting with y l yields L i jk = 0. It means that F is a Landsberg metric.
Proof of part 2. Suppose that P = P . Then from (43) we conclude that
Using the positively homogeneities of Cartan tensor, and contracting (46) with y l yield C i jk = 0. Therefore, by Deicke's theorem F is Riemannian.
Finally from (44), we see that their vv-curvatures are the same and ∇ is torsion-free if and only if ∇ is torsion-free.
We have some kind of rigidity on Shen's C-process. In continue, we study the Shen's L-process and get the following result. 
Shen's C-process on Berwald Connection
By Theorem 4.1, applying Shen's C-process on Chern connection gives Shen connection. It is natural to study effect of Shen's C-process on the other wellknown connections. Here, we study Shen's C-process on Berwald connection. Proof. The structure equation of ∇ is given by
where A ijk = F C ijk . Differentiating (51) and using (4), (50) and (51) lead to
Using (5), yields 
A ijk.l = A ijl.k .
Permuting i, j, k in (54) yields
Multiplying (56) with y i and using P njnl = 0 yield
By (57) we get the proof.
Shen's C-process on Cartan Connection
Here, we study effect of Shen's C-process on the Cartan connection. (2) The hv-curvature of ∇ vanishes if and only if F is Riemannian.
